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Particle Size Distribution Technique Using Conventional
Laser Doppler Velocimetry Measurements

Mark S. Maurice*
U.S. Air Force Wright Laboratory, Wright—Patterson Air Force Base, Ohio 45433-7005

The difference between the particle velocity and the fluid velocity within a flowfield is a direct function of the
particle size distribution. Utilizing classical particle behavior through an oblique shock, a numerical algorithm has
been developed to extract a size distribution estimate from conventional laser Doppler velocimetry (LDV) measure-
ments. As a specific application, the method is used to determine the size distribution of atomized silicon oil seed
from LDV measurements through the leading-edge shock of a hypersonic forebody inlet at Mach 5.76. Knowledge
of the particle sizes allows the measurement bias to be quantified and removed, thereby greatly enhancing the value

of LDV as a nonintrusive flowfield measurement technique.

Nomenclature

= coefficient matrices

= matrix coefficients

= velocity histogram bin width

= particle size concentration matrix

= drag coefficient, Eq. (2)

= function defined by Eq. (3)

= concentration of particle size

= particle diameter

= fluid velocity downstream of shock wave

= Gaussian function defined by Eq. (7)

= function defined by Eq. 4)

= function defined by Eq. (5)

= Mach number

= number of measurements in a histogram bin

= normalized histogram bin height

= upper limit number

= residual between measured and computational
velocities

= Reynolds number

= temperature

= time

= fluid velocity upstream of shock wave

= velocity component

= mean velocity

= $patial coordinate (in direction of subscript)

= ratio of specific heats

= density

= standard deviation
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Subscripts

BIN = velocity histogram bin

= fluid velocity

= histogram bin index

= measurement station index

= seed diameter index

= normal component

= particle property

= measurement stations

= the relative difference between the particle and the
fluid
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SEED = seed size

SETS = possible equation sets

SHOCK  =relative to the shock orientation
T ='tangential component

oo = freestream property

Introduction

ASER Doppler velocimetry (LDV) has proven to be a highly
successful nonintrusive, quantitative measurement technique
for flow structure analysis as well as computational fluid dynamics
(CFD) verification and validation efforts. However, in the analysis
of LDV data, it must be recognized that measured velocities are
of particles within the flowfield. If the particles do not accurately
match the fluid velocities, the measurements are biased and should
not be presented as representative of the fluid flow.
LDV measurements containing an unknown quantity of velocity

.lag bias are still useful for qualitative flowfield analysis, particu-

larly within complex flow structures that may be altered by intru-
sive probes, such as compression turns' or supersonic vortices.?
However, if the bias is not recognized, published data may be more
harmful than beneficial. If the data are utilized by a computationalist
who is not familiar with sources of LDV bias, discrepancies between
the experimental and computational solutions may be much greater
than anticipated, leading to incorrect conclusions about the quality
of the measurements or the accuracy of the CFD analysis.

Any quantitative analysis of velocity lag bias requires knowledge
of the particle size distribution. For flows using an aerosol as seed
material, the average in-tunnel particle size can be measured by a
transmissometer® or deduced from LDV measured mean velocities

-downstream of a shock.* If the complete distribution is desired, one

approach is to use out-of-tunnel instrumentation.> However, this as-
sumes that the seed produced is invariant to differences between
in-tunnel and- out-of-tunnel conditions, such as pressure and tem-
perature. Also, it does not take into account that the LDV system
may not detect valid signals from all particles within the flow. In-
tunnel particle sizing has been accomplished using phase Doppler
anemometry (PDA),® a technique that tags each instantaneous ve-
locity measurement with a corresponding particle size but requires
hardware and setup beyond conventional LDV and has not yet ex-
tended itself into the hypersonic regime.

Solid particles of a known size are also utilized. Some materials,
such as polystyrene spheres, are suspended in a carrier solution
of alcohol or water. Successful measurements by this technique
require knowledge that the carrier has completely evaporated before
reaching the optical probe volume and that individual particles do
not cluster to form larger seed. Other solid materials, such as SiO,
or Al,Os, can be introduced to the flow using a fluidized-bed-type
seeder without a carrier solution, but the particles can be abrasive
to model surfaces at high speeds.



1210 MAURICE

The particle sizing technique presented by this study uses
conventional LDV measurements in the homogeneous flowfield
immediately downstream of an oblique shock. It is similar to
commercially available out-of-tunnel systems in that measurements
are grouped into bins of defined size ranges rather than calculating
a specific size for each particle such as with PDA. However, this
method can be applied to any supersonic or hypersonic wind-tunnel
flow and can be used to re-examine measurements of previous LDV
studies. By determining the particle size distribution, the design of
existing seeder systems can be validated, design parameters for fu-
ture systems can be established, and the amount of velocity bias
in existing measurements can be quantified and removed from the
LDV data.’

Approach

As a specific example of the particle sizing algorithm, LDV mea-
surements through the oblique, leading-edge shock of a hypersonic
inlet forebody are examined.

Experimental Data

A schematic of the forebody is shown in Fig. 1. The model is tested
at a calibrated freestream Mach number of 5.76 and a freestream
Reynolds number of 44.3 x 10° per meter. The compression shock
is attached to the leading edge of the model, based on oblique shock
theory, and extends downstream at an angle of 14.75 deg. Velocity
measurements are obtained at four vertical survey stations that pass
through the shock. The primary survey, 1, is located along the model
centerline 17.73 cm downstream from the leading edge. Surveys 2,
3, and 4 are located at 20.27 cm. Survey 2 is on the model centerline,
and surveys 3 and 4 are £+1.9 cm spanwise from the centerline to
measure the two-dimensionality of the flow. The total width of the
model is 40.64 cm.

Velocity measurements are collected using a two-dimensional

LDV system in forward scatter mode.! Two thousand pairs of in- -
stantaneous, coincident velocities are obtained at each measurement .

location through each survey. The optical diameter of the LDV probe
volume is 0.328 mm, and the spacing between measurement is 1.0
mm. The seed material used is 200 centistoke silicon oil, which
is atomized and introduced into the stagnation chamber where the
temperature is 500 K and the pressure is 4.8 MPa. ,

Measurement histograms for the first survey location are pre-
sented in Figs. 2 and 3. The component of velocity tangential to the
shock, Fig. 2, shows that the measured mean velocity is constant
across the shock, as predicted by ideal, inviscid theory.® The nor-
mal component of velocity, on the other hand, is predicted by ideal
theory to drop instantaneously across the shock, so that the vector
sum of the downstream tangential and normal components is in the
direction parallel to the wedge. As seen by the histograms in Fig. 3,
however, the measured particles are virtually unaffected by the shock
itself. Instead, the particles rely on drag forces downstream of the
shock to slow the particle velocities toward the fluid velocity. Since
the smaller particles within the polydispersed seed distribution relax
more quickly to the fluid velocity, the histograms downstream of the
shock are skewed. The particles must travel nearly 20 mm normal
to the shock before their mean velocity approximately matches the
fluid.

SURVEY SURVEY
My =576 #1 #234
Reo,/m = 44.3 x 108

14.75°

——T———- 1?7.73 cm ——'J

20.27 cm

SHOCK

Fig. 1 Two-dimensional schematic of the hypersonic inlet forebody.
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Fig.2 LDV measured histograms of the velocity component tangential
to the shock.
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Fig.3 LDV measured histograms of the velocity component normal to
the shock. :

Computational Analysis

The velocity lag of particles passing through an oblique shock can
be obtained by numerical analysis. Since the flowfield downstream
of the shock is ideally uniform and steady state, the equation of
motion governing the particle behavior can be written as*

dVin-smock _ 3Cs  py

o v m(va—SHOCK — V¢N-sHOCK)

X |Vpn-snock — Ven-sHock] ¢Y)

where the initial velocity of the particle is the normal velocity of

the fluid upstream of the shock. To avoid problems with equa-

tion stiffness associated with small particle diameters, solutions are
obtained by fourth-order Runge-Kutta—Fehlberg (RKF) numerical
integration.®-1® The RKF method combines speed with accuracy by
estimating the stiffness of the equation at each time step and then
adjusting the step size accordingly. Closure of the equation set is
obtained by using the drag law of Crowe!!:

Cd = (Car — 2)exp| ~3.07y (Mx/Ren)g (Ren)|
+ [h(MR)‘ /(4 M) Jexol—Rer/ @M1 +2 @

where
.2
Car = @4/Ren)(1+ 0.158Re; ) ©)

log,og(Reg) =1.25[1+ tanh(0.77 log,;, Reg — 1.92)] G
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and
h(Mp) = [2.3 + LT,/ Tf)%] —2.3tanh(1.17log,a Mz) (5)

Crowe’s drag law is valid over a wide range of relative Reynolds
and Mach numbers and includes the effects of inertia, compressibil-
ity, rarefaction, and heat transfer.

For the freestream conditions of the inlet forebody, representative
numerical calculations for the velocity lag of the silicon oil seed
through the leading-edge shock are shown in Fig. 4. The velocity
lag downstream of the shock is shown to be strongly dependent on
the particle diameter, with the 1.0-um particles relaxing to within
1% of the fluid velocity at a distance of 8.0 mm normal to the shock,
whereas the 10.0-um particles are barely effected by the shock at
the same location.

At any position downstream of the shock, each particle size has
an associated mean velocity with an assumed Gaussian probability
distribution. Therefore, if the Gaussian functions for each seed size
are weighted by their total concentration within the flow, the sum
of the functions will match the LDV measured histogram shape at
the same location. This concept is demonstrated in Fig. 5. The LDV
histogram corresponds to the location 6.9 mm downstream normal
from the shock along profile 1. For chosen seed diameters of 1.0,
2.0, and 4.0 pm, concentration weights of 27.4, 63.8, and 8.8%, re-
spectively, allow the three Gaussian functions to be added so that the
resulting velocity distribution is the best fit to the experimental data.
This approach is similar to decomposing functions into Fourier fre-
quency components. However, unlike Fourier series, the Gaussian
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Fig. 4 Calculated velocities for representative particle diameters.
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Fig.5 Leastsquare fit particle sizing by the summation of Gauss func-
tions.

functions are a nonorthogonal set; determining the concentrations of
each particle size requires the solution of simultaneous equations. 12

Particle Sizing Algorithm

The concentrations of particle sizes can be obtained by the fol-
lowing algorithm.

1) For an arbitrary number of measurement stations, from j = 1
t0 Mpoinis, read in the r; experimental velocities normal to the shock
and create histograms for each data set. Use the same number of
equally wide velocity bins for each histogram, from i = 1 to ny,,
with the median velocity of each bin denoted as V; and the number
of instantaneous measurements within the bin denoted as M;;.

2) Normalize each histogram to have a total integrated area of
one:

[n; x BW] ©-

m; j =

3) Choose a representative set of seed diameters d,, where k = 1
10 Ngeeq. For each seed diameter, use Egs. (1-5) to calculate the
mean downstream velocity normal to the shock, V;;, at each of the
measurement locations. Using the standard deviation o of LDV

measurements upstream of the shock, the velocity distribution of
each seed diameter at each measurement locatlon is described by

the normalized Gauss functions:

R 7, 2
vV — Vi) ] -

1
kj( ) (2]'[0‘2)% exp[ 202

4) For each seed diameter d;, let the amount of seed present be
denoted as the concentration c;, where

Ya=1 ®

If the Gauss functions for each seed diameter could be added sb
that the experimental histograms aré recreated exactly, then for each
bin of each histogram

Nseed

Y aGy(Vi) = my ©)
k=1

However, if the histograms created by the Gauss functions do
not exactly match the experimental kistograms, then the difference
between the two at each bin is the residual R;;. The total sum of
the residuals squared for each bin of each experimental histogram
is then

2

Rpoints Npig Rseed
R2 = Z Z l:mij — ZCkaj(Vi):I (10)
k=1

j=1i=1

For a least squared error fit of the Gaussian functions to the ex-
perimental data, it is desired that the term for R? be minimized.
With respect to each of the concentrations ¢;, R? is a parabola, W1th
a minimum value located at

"OR?

acl =0 an

However, the domain of ¢; must be restricted to positive values of
seed concentration. As illustrated in Fig. 6, there are two possible
equations that specify. the minimum R? for each c;. If the apex of
the parabola is at a value greater than zero, then the value of ¢; that
minimizes the residual is identified by Eq. (11). If the apex is at a
value of ¢, less than zero, then the value of ¢, that minimizes the
residual is at

= 0 (12)

By applying the appropriate equation, either Eq. (11) or Eq. (12)

for each ¢;, a set of n.q simultaneous equations can be solved to
yield the concentrations of each seed diameter. In matrix form,

€} =1A17(B) 13
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Fig. 6 Minimum squared residual for positive values of seed concen-
tration.

If Eq. (11) is the correct choice for a particular ¢;,

Rpoints Ppin

ax =Y Y Gy(V)Gy(V) (14)

j=1li=1

and

Rpoints Ppin

Gl](V)mlj (15)
=22

j=1i=1

On the other hand, if Eq. (12) is the correct choice for a particular

Cry
0, l#k
i I:L =k (16)
and
b =0 an

Unfortunately, the correct choice of equations for each ¢; depends
on the solution. If, for a particular /, the solution yields ¢; > 0, then
" Egs. (14) and (15) were the correct choice. Otherwise, note from
Fig. 6 that if ¢ = 0 is the minimum within the domain, the slope of
the parabola at ¢ = 0 is positive. Therefore, if Egs. (16) and (17)
were the correct choice for ¢,

dR?

ac, >0 : (18)

=0

From Egq. (10), this condition becomes

points Rbin Nseed
ZZz[m,, chGk,(V)][ Gy

j=1i=1

>0 19
=0

Based on concentrations solved for when ¢; is set equal to zero,
Eq. (19) can be rearranged as

Nseeq { "points nbin Ppoints Rbin
Z [ > ZG,,(V>Gk,(V)]ck [ > ZGlj<W)mij] >0

j=1li=1 j=1i=1

20 -

For a chosen number of seed diameters, the number of possible
equation sets is :

Rgers = 2" vy

However, only one solution will yield positive values of concen-’

tration or satisfy the condition given by Eq. (20) for concentrations
equal to zero.

Rather than solving every poss1b1e combination of simultaneous
equations, the correct solution can be found by relaxation. First,
calculate all of the matrix coefficients by using Egs. (14) and (15),
and solve for the various ¢; using a method such as Gauss—Jordan
elimination.!® If any of the various ¢; are negative, replace the cor-
responding matrix coefficients by Eqgs. (16) and (17) and resolve the

concentrations. For each successive solution, a negative value for ¢;
indicates that row [ of the matrix coefficients must be replaced by
Eqgs. (16) and (17), and any ¢; = 0 that does not satisfy Eq. (20)
indicates that row [ of the matrix coefficients must be replaced by
Egs. (14) and (15). This approach will not converge to an incorrect
solution but may converge to a limit cycle where the algorithm re-
peatedly changes the equation sets for the same rows. All solutions
for this study, however, did converge to the solution in fewer than
1000 iterations by allowing for a maximum of five changes for each
of the first 200 iterations, followed by a single change each time. For
a resolution of 40 seed diameters, solving each possible equation
set would otherwise require more than 10'? solutions.

Results

Single Histogram Analysis

The ability of the particle sizing algorithm to estimate the con-
centrations of seed diameters from velocity histograms is demon-
strated in Figs. 7 and 8. For these examples, a test distribution of
particle sizes is numerically tracked through the ideal, inviscid flow-
field downstream of the forebody shock. When the particles reach
the measurement location at 6.9 mm, the calculated mean velocities
and randomly determined velocity fluctuations, based on a Gaussian
probability distribution of turbulence, are used to create a set of
simulated instantaneous LDV measurements. The simulated mea-
surements are used to create a velocity histogram that is used as
input into the particle sizing algorithm. The calculated size dis-
tribution from the simulated measurements can then be compared
with the input particle diameters. Also, by numerically tracking par-
ticles based on the calculated size distribution, a CFD predicted

GENERATED TEST MEASUREMENT
INPUT SIZE 6.9 mm FROM SHOCK

DISTRIBUTION
MEAN = ~174.39 m/s

l d/s u/s
I B T T T

1
0.0 -1000  -2000  -300.0
d (pm) Vy-sHock (m/5)

CALCULATED SIZE CFD PREDICTED MEASUREMENT

DISTRIBUTION

,_IL_|_L [ : ! ,
0.0 4. 0.0 -100.0 ~200.0 ~300.0

d (pm) VN-sHock (m/s)

MEAN = -173.88 m/s

Fig.7 Test size distribution: three discrete particle diameters.
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&0 4o 00 -1000  -2000  -300.0
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Fig.8 Test size distribution: Gaussian probability.
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velocity histogram is created for comparison to the simulated
measurement. .

The first example, shown in Fig. 7, is for a test distribution of three
discrete particle diameters: 20% at 1.0 ym, 50% at 2.0 pwm, and 30%
at 3.0 pm. The corresponding simulated measurement histogram
shows a trimodel distribution of velocity as the particles relax from
the freestream fluid velocity to the velocity behind the shock. The
calculated size distribution from the simulated histogram compares
very well with the input distribution, with 18.7% at 0.75 or 1.0 um,
49.6% at 2 pm, and 28.3% at 3.0 or 3.25 um. The corresponding
predicted histogram has a mean value within 0.3% of the simulated
measurement and a standard deviation within 0.2%.

Results for a continuous test distribution are shown in Fig. 8. For
this case, the size probability function is Gaussian, with a center
diameter of 2.0 um and a standard deviation of 0.333 um. The
calculated size distribution is a good description of the test input,
with a mean value of 2.0 um and a standard deviation of 0.365. The
predicted histogram in this case has a mean velocity within 0.3% of
the test measurement and a standard deviation within 3.6%.

The particle size distribution based on an actual LDV measure-
ment histogram is shown in Fig. 9. The measurements correspond
to the same position and conditions as used for the three test inputs.
The size distribution predicted shows 94% of the silicon oil seed to
be between 1.75 to 3.0 uwm, with the remaining particles as large as
6.5 pm. As with the test distributions, the mean velocity of the mea-
sured histogram is very closely predicted by the calculated particle
size distribution, within 0.03%, although the standard deviation is
underestimated by 14%.

Sensitivity Analysis

Application of the particle sizing algorithm requires the user to
define the number of instantaneous LDV measurements to use, the
number of measurement histogram bins for sorting the data, the
turbulence intensity of the fluid downstream of the shock, and a dis-
crete set of particle diameters. These variables must be chosen with
fine enough resolution that the solution will converge. For example,
using double the number of measurements should not change the
result. To gauge the sensitivity of the predicted mean velocity to
these parameters, several additional solutions were calculated for
the LDV data used in Fig. 9.

Results of the analysis, shown in Fig. 10, demonstrate that the
predicted mean velocities of the LDV measurements through the
forebody shock are extremely insensitive to the user-defined param-
eters, For the measurement histogram, 2000 instantaneous velocities
were used to predict the particle sizes and the mean velocity. How-
ever, as shown in the figure, the mean velocity prediction varies by
a maximum of 1.1% as the number of measurements is decreased
to as few as 50.

LV MEASUREMENT
6.9 mm FROM SHOCK

MEAN = -168.96 m/s d/s /s

i T T —
0.0 T -100.0 -200.0 ~300.0

VN-sHock (m/s)

40.0

PARTICLE SIZE DISTRIBUTION

I|I|JL! 1 .
3.

T 1 : ul
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Fig. 9 Particle size distribution based on LDV measurements at a sin-
gle location downstream of the leading-edge shock.
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The number of measurement histogram bins used to sort the data
also has a negligible effect on the predicted mean. For the calcula-
tions in Fig. 9, 50 bins were used from zero to 300 m/s. However,
the predicted mean varies by less than 0.5% for any number of bins
from 36 to-200. Tt was found that if too few bins are used relative
to the total number of particle diameters chosen, the equation set
did not converge. In this case, solutions for 35 or less bins required
using fewer than the chosen value of 40 seed diameters.

The standard deviation or turbulence intensity of the fluid behind
the shock must also be selected. For the data in Fig. 9, a constant
value of 6.45 m/s was chosen, based on freestream LDV measure-
ments. Although this ignores turbulence variations as a result of the
shock, it is shown that any chosen value from 4.1 to 20 m/s predicts
the mean velocity within 1.5%. Values less than 4.1 m/s do not al-
low the Gaussian functions of the chosen seed diameters to overlap
well enough to recreate the LDV measurement. If, for example, the
Gaussian functions from two adjacent seed sizes have mean values
of 190 and 210 my/s, but both are nearly zero at 200 m/s, the functions -
cannot be added to represent a nonzero histogram bin at the mid-
way point between them. It is also notable that although the mean
value of the resulting particle size distributions varies by less than
6.5% over this range of turbulence intensity, the standard deviation
varies as much as 35%. As the turbulence intensity is increased, the
resolution of the size distribution decreases towards using as few as

three bins for the particle sizes. ‘

The number of seed diameters used to describe the particle size
distribution also has little impact on the predicted mean. Although
40 diameters were chosen for the baseline solution, ranging from
0.25 to 10.0 pm, any number from 10 to 50 sizes over the same
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Fig. 11 Particle size distribution based on simultaneous analysis of the

20 LDV histograms downstream of the shock at survey station 1.
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Fig. 12 LDV measured mean velocities at survey station 1, corrected
for velocity lag bias: o, mean velocity of LV measurement; A\, corrected
LV measurements; and ——, ideal, inviscid theory.

range yields a mean velocity prediction that varies by only 1.5%.
Fewer than 10 diameters cause the same problem as too low of a
standard deviation; the Gaussian functions of the adjacent particie
sizes do not overlap enough to recreate the histogram shape.

The difference between the predicted mean velocity and the ideal
fluid velocity at each measurement location is an estimate of the par-
ticle velocity lag bias. By subtracting the estimated bias from each of
the measured mean velocities, the corrected velocities can be com-
pared with the ideal, inviscid flow. For the measurements at survey
1, these values are plotted in Fig. 12. Overall, the corrected values
agree with the ideal, inviscid theory to within a mean rms difference
of 4.2%. Slight deviations, such as the undercorrected measurements
nearest the shock, indicate the margin for potential improvement of
the experimental data or the computational equation set.

Measured and corrected LDV measurements for surveys 2, 3,
and 4 are shown in Fig. 13. In each case, corrections are based
on the particle size distribution determined from survey 1. Results
show that the corrected measurements are all within 7.5% of the
ideal, inviscid velocity prediction. The repeatability of the curves
also indicates that there is no significant difference in particle size
distribution for the different tunnel runs. The remaining difference
between the corrected data and the ideal, inviscid theory is of the
same order as can appear in a CFD flowfield prediction. Also shown
in Fig. 13 is the velocity predicted by a full Navier—Stokes code
that uses artificial viscosity to smear the shock for numerical sta-
bility. The oscillation in the curve downstream of the shock yields
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Fig. 13 Measured and corrected mean velocities for survey stations 2,
3, and 4 and a CFD calculated velocity profile: &, mean velocity of LDV
measurement; v/, corrected LDV measurements; —, ideal, invescid
theory; -, mean velocity of LDV measurement; X, corrected LDV mea-
surements; X, mean velocity of LDV measurement; ¢, corrected LDV
measurements; and - - - -, Navier-Stokes CFD calculation.

approximately the same maximum error as the corrected LDV data
and dampens out at roughly the same rate.

Conclusions

A numerical algorithm has been presented and demonstrated that
can provide an estimate of the particle size distribution of LDV seed
by the analysis of velocity histograms downstream of a shock. The
method does not require any hardware or data collection beyond
conventional LDV measurements and can be applied to existing
data sets. It requires that the flow be supersonic but is not otherwise
limited by Mach number or Reynolds number. For hypersonic flows,
no other method of in-tunnel particle sizing is currently known.

The method was demonstrated using LDV measurements down-
stream of the leading-edge shock from a hypersonic inlet forebody.
A single particle size distribution was found that predicted the ve-
locity bias of all measurements at four separate survey stations.
Results were shown to be insensitive to the survey location and to
user-specified algorithm parameters.

Knowing the polydispersed size distribution from the forebody
shock measurements allows the velocity bias of other measurements
throughout the inlet to be quantified by numerically tracking the par-
ticles through a companion CFD flowfield prediction. Quantifying
the measurement bias greatly enhances the value of LDV as a CFD
code validation tool, since the magnitude of this bias can result in
substantial differences between raw LDV measurements and the
actual aerodynamic flowfield.
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